COHOMOGENEITY ONE MANIFOLDS AND SELFMAPS OF 
NONTRIVIAL DEGREE 



THOMAS PUTTMANN 

Abstract. We construct natural selfmaps of compact cohomgeneity one mani- 
folds with finite Weyl group and compute their degrees and Lefschetz numbers. 
On manifolds with simple cohomology rings this yields in certain cases rela- 
tions between the order of the Weyl group and the Euler characteristic of a 
principal orbit. We apply our construction to the compact Lie group SU(3) 
where we extend identity and transposition to an infinite family of selfmaps 
of every odd degree. The compositions of these selfmaps with the power maps 
realize all possible degrees of selfmaps of SU(3). 



1. Introduction 

A natural problem in topology is the following: Given a compact oriented mani- 
fold M", which integers can occur as the degree of maps M Ml In the funda- 
mental case where M is a sphere S" all integers can easily be realized since §" is a 
(n — l)-fold suspension of For other manifolds the problem is usually difficult 
(see |DuWa| for references and a detailed study in the case of (n — l)-connected 
2n- manifolds). 

In order to construct natural maps of degree 7^ —1,0,1 one might first impose 
actions of compact Lie groups G on M and then try to find equivariant maps. In 
the most symmetric case where the action G x M ^ Af is transitive, it is well- 
known and easy to see that every equivariant map is a diffeomorphism and hence 
has degree ±1. We deal with the case where the action is of cohomogeneity one, 
i.e., the principal orbits G/H are of codimensionl or, equivalently, the orbit space 
M/G is 1-dimensional and hence a closed interval or a circle. We focus on the much 
more interesting case where the orbit space M/G is a closed interval. 

We suppose that the cohomogeneity one manifold M is equiped with an invariant 
Riemannian metric such that the Weyl group is finite or, equivalently, such that 
the normal geodesies are closed. Such metrics exist on many cohomogeneity one 
manifolds M . For example, all invariant metrics with positive sectional curvature 
necessarily have finite Weyl groups ^GWZj . There might, however, be infinitely 
many invariant Riemannian metrics with mutually distinct Weyl groups on the 
same compact manifold M with a fixed action G x M M. The elementary but 
new construction of this paper highly depends on the order of the Weyl group: 
We fc-fold the closed normal geodesies of M starting from one of the non-principal 
orbits. This leads to well-defined maps ■0fc '■ M M, k = j|M^|/2 + 1, for even 
integers j, and even for all integers j provided a certain condition on the isotropy 
groups is satisfied. In the following theorem we only deal with the general case. 
For the exceptional case we refer to section[31 
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Theorem 1. A compact oriented Riemannian cohomogeneity one manifold M whose 
orbit space M /G is a closed interval and whose Weyl group W is finite admits equi- 
variant selfmaps ipk ■ M — > AI for all k = j\W\/2 + 1, j G 2Z with degree 



deg ipk 



k if the codimensions of both non-principal orbits are odd, 
+ 1 otherwise, 
and Lefschetz number 

—jx{G/H)/2 if the codimensions of both non-principal orbits are odd, 
x{M) otherwise. 

Here, x{G/H) denotes the Euler characteristic of a principal orbit. 



Degree and Lefschetz number of selfmaps are of course not independent. In the 
case where M" is a rational homology sphere they are coupled by the simple equa- 
tion L(Tp) = 1 + deg Tp for even n or L['t]j) = 1 — deg i]j for odd n. Hence, we deduce 
from Theorem 1 that rankG = ranki/ and x{G/H) = \W\ if the codimensions of 
both singular orbits are odcS. On manifolds M with somewhat more complicated 
cohomology rings one can still use Theorem 1 to derive restrictions for cohomogene- 
ity one actions G x M ^ M with rankG = ranki?, i.e., x{G/H) > 0. For such 
actions the dimensions of all orbits are necessarily even (hence the dimension of M 
is necessarily odd), and the Weyl groups are necessarily finite. Using Dirichlet's 
theorem on prime numbers in arithmetic progressions one obtains, for example, the 
following consequence of Theorem 1: 

Corollary 2. Let G x M AI be a cohomogeneity one action with rankG = 
rankH. If AI has the rational cohomology ring of a product 

S'l X S'^ X li<l2< ...<l,n, 

then x{G/H) = 2™-i|M^|. 

In order to illustrate Theorem 1 by examples other than spheres one might scan 
the classifications |Neu| . [Pa| . [Hoej for simply connected cohomogeneity one man- 
ifolds in dimensions < 7 where the codimensions of both singular orbits are odd. 
This scan reveals two nontrivial S'^-bundles All ~^ ^■iid CP^ with sections. 

We briefly discuss these example in section[5] and deduce from the refined version 
of Theorem 1 that and admit equvariant selfmaps i>k for all k Q Z with 
degree k and Lefschetz number 2(1 — k) and 3(1 — fc), respectively. The space AlJ 
provides an example for Corollary 2. 

Our main example appears in dimension 8: the compact Lie group SU(3). Simple 
polynomial selfmaps of SU(3) are already given by the power maps : A i— > . 
These maps are equivariant with respect to conjugation and have degree deg pk = k^ 
by a well-known result of Hopf [Ho| . Our construction yields additional selfmaps 
ipk of SU(3) of every odd degree k and Lefschetz number that extend identity and 
transposition to an infinite family. These maps are equivariant with respect to the 
cohomogeneity one action 

SU(3) X SU(3) ^ SU(3), {A, B) ^ ABA^. 



-'^Note that x{G/H) = \W\ implies W = N(H)/H. For the linear cohomogeneity one actions 
on spheres with rankG = rankH the identity W = N{H)/H was already observed in |GWZ| . 
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Explicit formulas are given in section^ Combining the maps pk with the maps ipk 
and a simple argument involving Steenrod squares we prove 

Theorems. For any m € N and ^ e Z there is a selfmap of SU(3) with degree 
4™(2£ +1). For each of these selfmaps the entries of the target matrix are real 
polynomials in the complex entries of the argument matrix. Other integers do not 
appear as degrees of selfmaps o/SU(3). 

The author would like to thank A. Rigas for some useful discussions. 

2. Construction of the equivariant selfmaps 

Before we describe our construction we first summarize the necessary facts about 
cohomogeneity one manifolds. We refer to the standard sources |Mo| . |Bdlj . [AAj 
and the recent paper [GWZ] . 

Let M be a compact manifold on which a compact Lie group G acts with coho- 
mogeneity one. Then M/G is a circle or a closed interval. In the former case all 
orbits are principal and M is a G / H-hundle over §^ with structure group N{H)/H . 
In particular, M has infinite fundamental group. We only consider the case where 
M/G is a closed interval. The regular part Mq of M (i.e., the union of principal 
orbits) projects to the interior of the interval and the two end points of the interval 
correspond to non-principal orbits A^o and A^i. The manifold M is obtained by 
gluing the normal disk bundles over A^o and A^i along their common boundary. In 
particular, x{M) = x{No) + x{Ni) - x{G/H). 

Suppose that M is equipped with an invariant Riemannian metric ( • , •). After 
rescaling we can assume that M/G is isometric to the unit interval [0, 1]. A normal 
geodesic is an (unparametrized) geodesic that passes through all orbits perpendicu- 
larly. Through any point p £ M there is at least one normal geodesic and precisely 
one if p is contained in a principal orbit. The group G acts transitively on the set 
of normal geodesies. We fix a normal geodesic segment 7 : [0, 1] ^ M such that 
7QO, 1[) projects to the interior of M/G and po = 7(0) € A'o and pi = 7(1) G A'l. 
This segment is a shortest curve from Nq to A^i. It extends to a parametrized 
normal geodesic 7 : M — > M. The isotropy groups G-y(t) are constant along 7 except 
at the points j{t) with < € Z, i.e., at points where 7 intersects the non-principal 
orbits. We denote the generic isotropy group along 7 by H. 

The Weyl group W of {M, ( • , •)) is by definition the subgroup of elements of G 
that leave 7 invariant modulo the subgroup of elements that fix 7 pointwise. It is 
a dihedral subgroup of N{H)/H. The geodesic 7 is periodic if and only if W is 
finite. More precisely, the order \W\ of W equals the number of times that 7 passes 
through a fixed principal orbit before it closes. To give an example of what might 
happen on a standard space consider the diagonal SO(3)-action on x S'^{^/a). 
The normal geodesies are closed if and only if a is rational. In this case, the Weyl 
group is the dihedral group £'|p-q| of order 2\p — q\ where a — p/q for positive 
integers p and q with gcd(p, g) — 1. Otherwise, the Weyl group is the infinite 
dihedral group Doo- 

In the following we assume that the Weyl group of (M, ( • , •)) is finite, i.e., the 
fixed unit speed normal geodesic 7 and all their translated copies g ■ 7 are closed 
with period \W\. 
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Our construction is based on the following elementary fact: Let 

be the k-th power of Except in the trivial case where k = 1 the fixed points of 
ipk are precisely the | A: ~ 1 |-roots of 1 and tpk has the property tpkiX-Xo) = tpk (A) • Aq 
for Ao with Aq~^ = 1. In other words, if we have a circle of any length with a fixed 
base point pq then fc-folding the intrinsic distance to po is a well-defined map ^pk of 
the circle with |fc — 1| fixed points and /c-folding the distance to any of these fixed 
points leads to the same map ipk- 

Lemma 2.1. The assignment g ■ j(t) i— > g ■ j{kt) leads to a well-defined smooth 
map Ipk ■ M ^ M with k = j\W\/2 + 1 for all j S 2Z, and even for all j G Z if 
the isotropy groups at 7(^0) cLnd 7(^0 + |M^|/2) for one and hence all odd integers 
to are not just conjugate but equal. 

Proof. We first check that the assignment tpk ■ g ■ j{t) >^ g ■ ^{kt) yields a well- 
defined map on the unparametrized closed normal geodesic 7(M). Suppose that 
g ■ 7(E) = 7(M). Then g ■ jit) = "f{2to ± 2t) with to G A simple computation 
shows ipkig • 7(0) = 9 ' i'ki'jit)). The geometric reasons for this equivariance of ipk 
under the Weyl group are that all the points j{2to) are fixed points of ^{t) 1-^ ^{kt) 
(here the special form of k is essential) and that the fc-folding of a circle is the same 
from every fixed point. Now ip^ is well-defined on 7(M) and hence on the regular 
part Mo of M since through any point in Afo there is only one (unparametrized) 
normal geodesic. On iVo the assignment g ■ "f{t) ^ g ■ l{kt) obviously leads to the 
identity. On iVi we also get the identity provided j G 2Z. If the isotropy groups at 
7(^0) and 7(to + |W^|/2) are equal for one odd integer to then by the action of the 
Weyl group this is true for all odd integers. If j is an odd integer and k = j\W\/2-\-l 
then 

9 ■ l{to) ^ 9 ■ likto) = g ■ j{to + \W\/2). 

This actually defines an equivariant diffeomorphism Ni — > A^i or iVi — > A^o de- 
pending on whether \W\/2 is even or odd. All in all we have shown that there is a 
commutative diagram 



exp 



cxp 



M M 



where vNq denotes the normal bundle of A^o • This implies the smoothness of ipk • □ 



3. Degree and Lefschetz number 

Let hi be a compact Riemannian cohomogeneity one manifold with finite Weyl 
group W such that the orbit space M/G is isometric to the interval [0,1]. The 
manifold M is orientable if and only if the principal orbits are orientable and none 
of the non- principal orbits is exceptional and orientable (see [Mo ) . In this section 
we assume that M is orientable and equipped with a fixed orientation. 
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Theorem 3.1. The Lefschetz number of ■ M ^ M, k = j\W\/2 + 1, is 

\ —jx{G/ H)/2 if codimNo and codimNi are both odd, 
I x{M) otherwise, 



if j is even and 



-jx{G/H)/2 i/ rank G = rank iJ, 
x(-/Vo) otherwise, 
if j is odd provided that V'fe is well-defined in this case. 



Proof. We perturb the map ipk ■ M ^ M to a map with only finitely many fixed 
points and compute the Lefschetz number as the sum of fixed point indices. For this 
pertubation we use the map Ig : M M , p g-p where g G G is a general element, 
i.e., the closure of {5"* | m € Z} is a maximal torus of G. By a classical theorem of 
Hopf and Samclson JHSI , the restriction of Ig to any of the orbits G • p has precisely 
x{G/Gp) fixed points and each of these fixed points has fixed point index one, i.e., 
det(ll — A) > Q where A is the derivative of Ig at the fixed point (note that our 
sign convention is different from that in |HS| ). We now consider the composition 
Ig o ipk for a general element g & G sufficiently close to 1 € G. The equi variant map 
ipk maps orbits to orbits. It is clear from the construction of ipk that only finitely 
many orbits Vi, . . . , Vm are mapped to themselves, i.e., V'fe(^i) = ^i- On each of 
these orbits, ipk is an equivariant diffeomorphism. Hence, the restriction of ipk to Vi 
is either the identity or does not have fixed points. The latter property is preserved 
under small perturbations of ipk- Therefore, the map Ig o -0^. can only have fixed 
points in the orbits Vi on which ipk restricts to the identity, and the number of 
fixed points in Vi is xi^i)- Let p be one of these fixed points in the orbit V. In 
order to compute the fixed point index at p we need the derivative of Ig and tpk at 
p. Both derivatives clearly preserve both tangent and normal space to V at p. The 
derivative of ipk is multiplication with k on the normal space and the identity on 
the tangent space. The derivative of Ig is close to the identity on the normal space 
and given by a matrix A with det(Il — A) > on the tangent space by the above 
menitoned result of Hopf. Hence, if B denotes the derivative of Ig o ■0^, at p then 
the fixed point index at p is given by 

det(]l-B) = (sgn(l -fc))'=°'^™^ = (-sgnj)'°'^™^. 

The final step is now to sum these fixed point indices. We first consider the case 
where j is even. Then ^k restricts to the identity on both A^o and A^i. Since ipk 
has \k - 1| fixed points on 7([0, \W\]), we have \k - 1\/\W\ - 1 = \j\/2 - 1 fixed 
points on 7(]0, These fixed points correspond precisely to the orbits on which 
Ipk restricts to the identity. Hence we get 

L{iPk) = L{lg o iPk) = {- sgnjr°'™'^"x(^o) + (- sgnjr''''^^^°x{No) 

+ (|j|/2-l)(-sgnj)x(G/H). 

Now suppose j is odd. Then ipk restricts to the identity on A^o but not on iVi. Since 
iPk has \k - 1| fixed points on 7([0, we have \k - 1\/\W\ - 1/2 = (|j| - l)/2 

fixed points on 7(]0, 1[). Hence, 

L{^k) = L{lgOiPk) = i-sgnfr^'^^^^xiNo) + ^-^^ {- sgn j) x{G / H) . 
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It is straightforward to simplify thc'sc' two formulas for L{ijjk) using the facts that 
the Euler characteristic of an odd dimensional manifold vanishes, that x(M) = 
x(-^o) +x(-^i) - X{G/H), and that x{G/H) > implies that rankG = rankiJ and 
hence that all orbits have even dimension. In the case where the codimensions of 
both singular orbits are odd one also has to use the fact that x(-^o) = x(-^i) since 
both fibrations G/H ^ Ni have fibers that are even dimensional spheres. □ 

The degree of is the sum of the oriented preimages of a regular value. Since 
the two non-principal orbits are mapped to themselves or one to the other we just 
need to consider the regular part Mq of M. In order to determine the correct 
orientations we transfer the problem from Mq to G/H x (M \ Z) by the map 

(j):G/H xR^ M, {gH,t) ^ g ■ -f{t). 

The restriction of (j) to each G/H x]i,i+l[ with £ e Z is a diffeomorphism. We equip 
R with the standard orientation and G/H with an orientation such the restriction 
of G/iJx ]0, Mo of (p is orientation preserving. This defines a standard product 
orientation on G/H x R. For the rest of the paper, however, we will equip each 
G/Hx]£, £+![ with the orientation inherited from Mq by (p. 

Lemma 3.2. If codimNo and codimA^i are both odd then all G/Hx]i,i + 1[ 
inherit the standard product orientation from Mq via (j). 

If codimNo and codimNi are both even, only the pieces G/Hx ]2£,2£+l[ inherit 
the standard product orientation from Mq via <p. 

If codimNo is odd and codimA^'i is even then only the pieces G/Hx \4,£,A£+ 1[ 
and G/Hx ]4£— 1,4^[ inherit the standard product orientation from Mo via </>. 

If codimNo is even and codimiVi is odd then only the pieces G/Hx 1[ 
and G / H x]A(. + 1, M + 2[ inherit the standard product orientation from Mo via (j). 

Proof. Let ctq denote the geodesic reflection along A^O) i-e., ctq maps each point g-^if) 
in M \ A^i to (? • 7(— t). This equivariant diffeomorphism of M \ N\ corresponds 
to — id in the normal bundle of the orbit Nq and hence preserves the orientation 
oi M \ Ni if and only if codim A''i is even. We have the equivariant commutative 
diagram 

G/Hx]0,l[ G/Hx]- 1,0[ 



Mo Mo 

Note that the map ]0, 1,0[, t i— > —t reverses the orientation of K. Hence, 
G/Hx ]— 1,0[ inherits the same orientation from Mo as G/Hx ]0, 1[ if and only if 
(To reverses orientation, i.e., if and only if codim TVq is odd. □ 

Corollary 3.3. If M is orientable and codim iVo and codim A^i do not have the 
same parity, then the order \W\ of the Weyl group W of M is divisible by 4. 

Theorem 3.4. The map tpk : M ^ M , k = j\W\/2 + 1 has degree 

{k if codim A^o o,nd codim Ni are both odd, 
+1 otherwise, 
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if j is even, and 



deg ipk 



k if codim Nq and codim iVi are both odd, 
if codim Nq and codim A^i are both even, \W\ ^ 4Z. 
— 1 i/ codim A^o even, codim A^i is odd, and \W\ ^ 8Z, 
+ 1 otherwise, 

if j is odd provided that tpk is well-defined in this case (see Lemm( l2. 1]) . 

Proof. The point 7(t) with t = 1/2 is a regular value of the map ^pk whose \k\ 
preimages are given by "f{tm) with 

m\W\+T 
tm = ^ , meZ. 

In order to compute whether the differential of ipk at 7(im) preserves or reverses 
orientation we lift ipk '■ Mq — + Mq to the map 

i^k ■■ G/H X M ^ G/H X M, {gH, t) {gH, kt) 

and answer the same question for the differential of ipj at {eH,t„i) by applying 
LemmalSm (note again that we use the orientation on G/H x (K \ Z) induced from 
Mq by (j)). If codimTVo and codimTVi are both odd then all pieces G/ Hx^jl + 1[ 
inherit the standard product orientation. Hence, deg ipk = k and we are done. 

Thus assume that codim iVo or codim TVi are even. For each preimage p of 
7(t) there is precisely one m E Z such that p — j{t,n) and t„i €]0, \ W\[. We 
now have to count how many tm are contained in each of the intervals + 1[ 
for £ G {0, 1, . . . , \W\ — 1}. A simple computation shows that t„i £]£,£+ 1[ is 
equivalent to 



2 \W\ 2^ ' \W\ 

if j ^ Oi and equivalent to 



2' ' \W\ 2 \W\ 

if j < 0. Suppose first that j is even. For £ > we have € ]0, 1[ and G 
]0, 1[. Hence there are precisely \i\ of the tm in each interval ]£,£+![ and \ j + l|/2 
in the interval ]0, 1[. When counted with orientation using Lemma lX^ the sum of 
preimages of 7(t) is hence +1 since there are \W\ intervals ]£,£+ 1[ and \W\ is 
divisible by 2 if the codimensions of Nq and iVi are both even and |iy | is divisible 
by 4 if the codimensions of A^o and A^i have different parities. Note that in the 
case J > there is one point more in the interval ]0, 1[ than in the other intervals 
and this point has positive orientation, while in the case j < there is one point 
less but the orientation of the real line has changed. Suppose now that j is odd. 
Then 1^ G]0,i[ if and only if < £ < |VF|/2 and G]0,i[ if and only 

if < £ < |VF|/2. Using these facts it is straightforward to show that there are 
\j + l|/2 of the tm in each of the intervals ]£,£+ 1[ with £ = Q, £ = \W\/2, odd 
I < \W\/2, or even I > \W\/2, while there are \j — l|/2 of the tm in each of the 
intervals ]£,£+ 1[ with even < ^ < \ W\/2 or odd I > \W\/2. The claimed degrees 
follow now by applying Lemma[5TH D 
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Proof of Corollary 2. Suppose that M has the rational cohomology ring of 

S'l X X li<l2<...<lm, 

and that G x M ^ M is a cohomogeneity one action with rankG = rankff, i.e., 
x{G/H) > where if is a principal isotropy group. By Lemma lTT| M admits 
equivariant selfmaps ^k, k = j\W\/2 + 1, with degree k and Lefschetz number 
L{ipk) — ~ix{G / H) for every even integer j. By Dirichlet's theorem there are 
infinitely many prime numbers in the arithmetic progression k — j\W\/2-\-l. Hence, 
we can assume that A: is a prime number. We now inspect the induced map ip^ on 
the cohomology ring. Let xi, . . . ,Xm be generators of H*{M) with Xi E H'-'{M). 
The equation deg-0fe = k means ipli^i^'^ ' ' ' ^m) = kxiX2 ■ ■ ■ Xm- Since fc is a prime 
number and Zi < Z2 < ■ • • < it is clear that 

ipKxj) — kajXj + products of lower dimensional generators 

with (Tj = ±1 for precisely one j G {1, . . . , m} and 

V'fc(^j) = CTi^i + products of lower dimensional generators 

with (Tj = ±1 for i € {1, . . . , m}, i 7^ j. The total number of ai with ai = —1 for i € 
{1, . . . , to} must be even. The Lefschetz number L{tpk) is equal to —jx{G/H)/2 by 
Theorem l3.1l On the other hand, L{tljk) is the alternating trace of in cohomology. 
The simple cohomology ring structure implies 

-jx{G/H)/2 = L(^fe) = (1 + i-iy^ka,) + (-l)'-a.). 

Since we can assume j > 2 and since x{G/H) > 0, we have ai = (—1)'' for all i ^ j 
and aj = -(-1)'^. Hence, x{G/H) = 2"'-'^\W\ and Corollary 2 is proved. □ 

4. The main example SU(3) 

The natural selfmaps of compact Lie groups G are the power maps pk ■ A 1-^ A'' . 
These maps are equivariant with respect to conjugation and hence determined by 
their restriction to a maximal torus C G. Using this fact it is easy to see that 
the degree of pk is k^ and thus rather few integers can be realized as degrees of 
power maps. For SU(3) with rank r — 2 these are all squares k^. 

Conjugation on SU(3) is an action of cohomogeneity two. We use the cohomo- 
geneity one action 

SU(3) X SU(3) SU(3), {A, B) ^ ABA^ 

to construct polynomial selfmaps of SU(3) whose degrees cover all odd integers and 
that extend identity and transposition to an infinite family. Polynomial here means 
that the entries of the target matrix are real polynomials in the complex entries of 
the argument matrix. 

Lemma 4.1. SU(3) admits selfmaps ipk with degree k for all odd integers k. These 
maps are equivariant with respect to the cohomogeneity one action above. 

Proof. A straightforward computation shows that 

(cos t — sin t ON 
sint cost I 
1/ 
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is a geodesic that passes perpendicularly through all orbits. This geodesic is closed 
with period 27r. At times t = and t = tt it passes through the singular orbit 
SU(3)/SO(3) that consists of the symmetric matrices in SU(3). At t = ^ + ttZ it 
passes through the other singular orbit SU(3)/SU(2) where SU(2) is embedded in 
the upper left corner of SU(3). The isotropy group of 7(t) for all other times t is 
S0(2) embedded in the upper left corner of SU(3) in the standard way. Note that 
the singular isotropy groups at t = ^ and t = ^ are not just conjugate but equal. 
The claim follows from Lemma lOl and Theoreni l3.4l □ 

We now derive an explicit formula for these maps. Let 

Theorem 4.2. The selfmaps ipk ■ SU(3) SU(3) of odd degree k — 2j + 1 are 
given by the following formula: 

I 623 — 632 \ / 623 — 639 \ 
V'2j+i(S) = \f\,\{x){B^B^)±\g\^\[x){B-B^)^\h\,\{x) 631-613 631-61; 

\ 612-621/ V 612-621/ 

where a; = 1 — |; (trace B — 1)^. The +-sign has to be taken if j > and the —-sign 
has to be taken if j < 0. 

Proof. Let B = {hij) be a fixed matrix in SU(3). We want to solve the equation 
B = A'^{t)A^ for t € [0, |] and A e SU(3) then multiply t by an odd integer k and 
determine B' = A'^{kt)A^ . Symbolically, we illustrate this as follows 

B -> {A,t) {A,kt) -w B'. 

We will see that it is not necessary to determine the entries of A completely with 
all their ambiguity. We stop at an intermediate level and then return. 
Let A = {z, w, v) with z,w,v G C^. Then B = A-i{t)A^ beco mes 

bti — {zf + wf) cos t + vf, 
= {ziZi+i + WiWi+i) cost + ViVi+i - sint, 
= {ziZi^i + WiWi-i) cost + ViVi^i + Vi+i sint 
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with indices cyclic modulo 3. It is straightforward to see that 

cost — i(tracei3 — 1), 
2vi sint = 632 - 623, 
2v2 sint = 613 - 631, 
2v3 sint = 621 - 612, 
(zf + Wi) cost + vf ^ hi, 

{Z2Z3 + W2W3) cost + U2W3 5(^23 + b32), 
{Z3Z1 + W3W1) cost + V3V1 = 5(631 + 613), 

(ziZ2 + W1W2) cost + V1V2 = 5(612 + 621)- 

Now, applying the binomial formula to (cost + isint)'^' leads the following formulas 
for cos kt and sin kt with k odd: 

cos(2j + l)t = /j(sin^ t) cost, sin(2j + l)t ~ gj{sm^ t) sint. 

We obtain 

6ii = [zl + wl) cos(2j + l)t + vl 

= [zl + w^)/j(sin^ t) cost + vlfj{sm^ t) + vlhj(s\v? t) sin^ t 

= 6ii/j(sin2 t) + i(623 - 632)'/^j(sin2 t) 

and analogous expressions for 622 and 633. Note that these are polynomials in the 
matrix entries of B since sin^ t — 1 — i (trace i? — 1)^ is a polynomial in traced 
and, e.g., 623 = 631612 — 611632, since B £ SU(3). Similarly, we obtain polynomial 
expressions for the off-diagonal terms of B' — i/j2j+i{B). All in all this leads to the 
claimed formula. □ 

Corollary 4.3. For every m G N and every odd integer (2^+1) there is a polynomial 
selfmap SU(3) ^ SU(3) of degree 4™(2£ + 1). 

Proof. The maps ipk are defined for odd k and have degree k. The power maps 
Pk ■ Ai-^ A'' have degree k^. □ 

Lemma 4.4. Let (p : SU(3) SU(3) be any map. Then deg </> — 4™ • {odd number) 
for some m £ N. 

Proof. The cohomology ring iJ*(SU(3); Z) is isomorphic to the cohomology ring 
H*{§'^x§^; Z), i.e., to A(a;, y) with generators x in dimension 3 and y in dimension 5. 
If (j) : SU(3) — > SU(3) is any map, we have the commutative diagram 

il3(SU(3);Z2) i/3(SU(3);Z2) 



il5(SU(3);Z2) i75(gu(3);Z2) 

Vertically, the second Steenrod square Sq^ yields an isomorphism (see |Bd2j . p. 469). 
The diagram thus says that </>* (y) is an even multiple of y if and only if 0* (x) is 
an even multiple of x. Hence, 4>*{xy) is in 4™(2f + 1) ■ xy for some m S N and 

l£Z. □ 

Lemma 4.5. We have pl{x) = kx and pl{y) — ky while ipl{x) = kx and ipliy) = 
y. Hence, none of the pk is homotopic to any of the ipk- 
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Proof. For pk we refer to jHo| . It is easy to see that the subgroup SU(2) embedded 
in the upper left corner of SU(3) is invariant under ipk and ipk restricts to a selfmap 
of SU(2) with degree k. The commutative diagram 

ij3(SU(3);Z) iJ3(SU(3);Z) 



ff3(SU(2);Z) ff3(gu(2);Z) 

shows il'ki^) — Since degil>k = k, the generator xy of iJ*(SU(3;Z) is mapped 
to kxy. Hence, ipl{y) = y- □ 



5. Further examples 

In this section we supply examples for the various cases in Thcorem l3.1l and 
Theorem l3.4l Classical examples of selfmaps are the /c-powers of §" C K x M", 

(cosi, usint) i-^ {cos kt,v sin kt). 

These well-defined analytic selfmaps of §" are equivariant with respect to the stan- 
dard 0(n)-action on M". If n is odd we have rankO(n) — rankO(n — 1). From 
Theorem l3.4l we recover the known fact that the degree of the fc-power of §" is k 
if n is odd, and or 1 if n is even, depending on whether k is even or odd. From 
Theorem l3 . 1 1 we recover the Lefschetz number (1 — fc) if n is odd, and 1 or 2 if n is 
even, depending on whether k is even or odd. 

An example where the codimensions of the singular orbits have different parity 
and there are equivariant maps with degree —1 is given by the standard action of 
S0(1 + to) C SU(1 -I- m) on CP™ for odd to. A normal geodesic is given by 

7(i) = [cost : isint : : . . . : 0]. 

The singular orbit at t = is RP™ = S0(1 + to)/0(to) and the singular isotropy 
groups at i = 7r/4 and t — — 7r/4 are both equal to S0(2)S0(m — 1). The normal 
geodesic 7 is closed with period n. Hence, the Weyl group is the dihedral group of 
order 4 and {2j + l)-folding the distance to Nq = MP™ yields a well-defined map 
with degree 1 and Lefschetz number m + 1 if is even and degree — 1 and Lefschetz 
number if j is odd. Note that for even to selfmaps of CP™ with degree —1 cannot 
exist and this is perfectly matched by the fact that both singular orbits have even 
codimensions in this case. 

We finally discuss the spaces Mj ~ Sp(2) Xgp(i)2 Sp(l) and AfJ — SU(3) Xu(2) 
SU(2) where U(2) acts on SU(2) by conjugation and one of the factors of Sp{l)^ 
acts trivially on Sp(l) and the other by conjugation. The space Mj is an §'^- 
bundle over S^. Such bundles are classified by their characteristic homomorphism 
S'^ — > S0(4). Using two Cartan embeddings of S'' into Sp(2) it is not difficult to see 
that for MJ this homomorphism is given hy q i—> Cq where g is a unit quaternion 
and Cq : M ^ M is conjugation by q. In particular, the bundle Mj S'^ has 
a section but is nontrivial. It is known that Mj is not homotopy equivalent to 
§3 X S'' but has the same cohomology and homotopy groups as x S'* jJW| . The 
group Sp(2) acts from the left on Af J by cohomogeneity one. The principal orbits 
are diffeomorphic to CP'^ = Sp(2)/Sp(l)SO(2) with Euler characteristic 4 and the 
singular orbits are both diffeomorphic to S''. We have rankG = ranki/. The Weyl 
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group is isomorphic to Z2. Hence, by Lenima r2 . 1 1 there exist equivariant selfmaps 
ijjk with degree ipk = k and Lefschetz number L[il}k) = 2(1 — k) for aU integers k. 
This example thus illustrates Corollary 2, since 4 — x{G/H) = 2 • \ W\. 

The space M| is an S'^-bundle over CP^. The group SU(3) acts fromt the left on 
MJ by cohomogeneity one. The principal orbits are difFeomorphic to SU(3) /T^ with 
Euler characteristic 6 and the singular orbits are both diffcomorphic to CP^. Since 
the bundle Mj CP^ has a section, AfJ has the same cohomology and homotopy 
groups as S'^ x CP^. Moreover, the corresponding principal S0(3)-bundle over CP^ 
is the Aloff-Wallach space W/i- The first Ponrjagin class of this principal bundle is 
-3 e i74(cp2) « Z Hence, the §3_bundle M| ^ CP^ has W2 = and pi = -3. 
By the Dold- Whitney classification [DoWhj it is nontrivial. The Weyl group of the 
cohomogeneity one SU(3) action is isomorphic to Z2. Hence, there exist equivariant 
selfmaps ipk with degree ipk = k and Lefschetz number L{ipk) = 3(1 — k) for all 
integers k in agreement with the homology of Mj . 
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